After obtaining an exact analytical time-varying solution for the Aharonov-Casher conducting ring embedded in a textured static/dynamic electric field, we investigate the spin-resolved quantum transport in the structure. It is shown that the interference patterns are governed by not only the Aharonov-Casher geometry phase but also the instantaneous phase difference of spin precession through different traveling paths. This dynamic phase is determined by the strength of applied electric field and can have substantial effects on the charge/spin conductances, especially in the weak field regime as the period of spin precession comparable to that of the orbital motion. Our studies suggest that a low-frequency normal electric field with moderate strength possesses more degrees of freedom for manipulating the spin interference of incident electrons.
How to control and engineer the spin degree of freedom at the mesoscopic scale is a crucial step for spintronic devices [1] [2] [3] [4] [5] [6] [7] . It has been demonstrated that spins of conduction electrons can be manipulated by external gating voltage through the Rashba spin-orbit interaction (RSOI) [8] [9] [10] [11] [12] [13] [14] [15] . Such the electric field-tunable RSOI can be achieved as well on the Aharonov-Casher (AC) effect 17 in mesoscopic ring structures 16, 18, 19 . Electron wave that traverses the AC ring along clockwise and counterclockwise directions accumulates different phases, which is reflected in the spin interference patterns of the conductance. By measuring interference patterns, the phase difference can be detected experimentally. In particular, a spin geometric phase, which is robust against the spin dephasing, can be distinguished 20, 21 . However, it should be noted that the spinor wave-functions used to investigate the spin interference effects in experiment and theory are not time-dependent even though the spin precession in quantum transport is always there. The tilt angle between the mean axis of the spin precession and the normal direction to the ring plane has been used to characterize the conductance [22] [23] [24] . In the present study, we revisit the AC ring in the presence of static/dynamic electric fields. By giving an exact solution for traversing electrons at time t, a timeresolved spin precession is identified. We show that the interference patterns are determined by not only the AC phase but also the instantaneous phase difference of spin precessions through different traveling paths. Especially, such the time-resolved phase difference becomes more pronounced as the strength and the frequency of the applied electric field decrease. The spin conductivity and the bulk spin polarization (which describes the spindependent electronic transport in the ring) are found to be strongly depend on the spin polarization orientation of incident electrons. Our results show that the AC ring can act as a spin interferometer, but the electric field a) Electronic mail: cljia@lzu.edu.cn should be properly adjusted to optimize the spin interference effects.
Let's begin with the Hamiltonian for electrons with effective mass M confined to a ring of radius a under a (time-dependent) textured electric field E(t) = E r (t)ê r + E z (t)ê z (cf. Fig.1 ) 25 ,
where we have introduced the polar angle φ in cylindrical coordinates and L z = −i ∂/∂φ. σ i (with i = r, φ, z) are the spin Pauli operators that satisfy the commute relation [σ i ,σ j ] = 2iǫ ijkσk , and µ = e /2M c is the magnetic moment. E r (t) and E z (t) are assumed to be φ-independent. The system then possesses the cylindrical symmetry, i.e., [L z , H] = 0, which leads to the conservation of orbital angular momentum. Consequently, the invariant subspace can be labelled by certain eigenvalue n of L z and the non-autonomous Hamiltonian becomes a linear function of the σ i ,
with ω 0 = Ma 2 , ω z = Schematic of a quantum AC ring symmetrically coupled to two leads in the presence of electric field E. A symmetrically textured electric field is assumed for the sake of theoretical investigation as that in the Ref. [23] .
specifying the time-dependence of electric field E(t), we perform a gauge transformation 26, 27 ,
Under the best gauge conditions 2 dv φ dt +ω r sin 2v z = 0,
we have then the diagonalized gauge Hamiltonian in thẽ σ z representation,
Let |m be the eigenstate ofσ z with eigenvalue m(= ±1), the solution of the gauged Schrödinger equation can be written explicitly as
with Θ n,m (t) =
ωr cos 2vz sin 2v φ being the energy eigenvalue of the gauge
HamiltonianH. Based on the gauge transformation |Ψ(t) = U g |Ψ(t) , the real time spin-resolved solution of the original Schrödinger equation reads then,
where
cos v φ (t) (10) is the Wigner function. The energy of the system is given by,
(11) It's easy to check that |Ψ n,m (φ, t) are complete and orthogonal in the whole Hilbert space. The general wavefunction of the ring can thus be expanded as, |Ψ(φ, t) = n,m C n,m |Ψ n,m (φ, t) , where C n,m are time-independent coefficients and completely determined by the initial conditions. It is worthy to note that |Ψ n,m (φ, t) is quite general for the AC ring with any cylindrical symmetric electric field E(t). In particular, |Ψ n,m (φ, t) can describe precisely and advantageously the spin precession in a static electric field (see below). From the best gauge conditions, Eqs. (6) with the initial values v φ (0) and v z (0), the time-varying v φ (t) and v z (t) can be worked out, and then all the properties of the system should be obtained. To get a clear insight into the physical meanings of v φ (t) and v z (t), let's write down the expected value of spin vector σ by using the basis |Ψ n,m (φ, t) ,
which indicate that v φ (t) describes the instantaneous tilt angle from the normal z-direction at time t and v z (t) characterizes the spin rotation angle around the zaxis. In Fig.2 , we plot σ z and σ r versus the magnitude E of a static normal electric field E = Eê z (Here it should be noted that the energy E n,m is timeindependent even though v φ (t) and v z (t) are time-varying under the static electric field). As one can see that σ r is time-independent, satisfying the conservation equation [σ r , H] = 0. When the strength E of normal electric fields is enhanced, σ z (and σ φ ) becomes to oscillate precessionally with the time t, which is quite different from the previous (theoretical) spinor wave-functions that deduce a time-independent expected value of σ once the electric field E is given 22, 23 . One can also notice in Fig.2 that, as the normal electric field is enhanced, the spin precession becomes faster and the precession axis becomes to follow the direction of the effective magnetic field (along the radial direction).
Based on the wavefunction |Ψ n,m (φ, t) , now we consider a ring symmetrically coupled to two equivalent contact leads (cf. Fig.1 ). In clear comparison to the spin interference patterns given by time-independent spinor wave-functions with the mean axis of the spin precession 22, 23 , a perfect coupling between leads and ring is assumed (i.e., fully transparent contacts and no backscattering effects) to the first order linear approximation. Given an incident electron with energy E F and spin |s = C ↑ | ↑ + C ↓ | ↓ ( m C 2 m = 1) from the left lead, depending on the spin alignment (m) and the direction of angular momentum (counterclockwise or clockwise with λ = ±1, respectively), the initial electronic state in the ring at φ = 0 and t = 0 becomes a superposition of the four wavefunctions (11) and do not require to be integer. Then, the incoming spin |s entering the ring at φ = 0 propagate precessionally along the four Feynman paths and interfere at φ = π after time τ . To this end, we calculate the quantum probability of transmission for the outgoing spin |s ′ channel,
The zero-temperature charge and spin conductances are given respectively by the Landauer formula 28 ,
The corresponding bulk spin polarization is defined by P z = G s /G c 29 . By carrying out the tedious but straightforward algebra, we find the modulation of conductances origins indeed from the phase difference (acquired by different Feynman paths), which is however a composite of two terms: (i) the spin geometric phase accumulated by the change of spinor orientation during transport that is determined by the mean spin precession angle, and (ii) the instantaneous spin precession phase difference ∆v z at φ = π and t = τ through different traveling paths.
Firstly, let's try to reproduce the charge conductance, for instance that in Ref. 22 , based on Eqs. (15) and (16) by using the wave-function |Ψ n,m (φ, t) , but with a presupposed time-independent tilt angle v φ (0) = − and v z (0) = 0 (at φ = 0), we find that, as the electric field E z decreases, (i) the mean axis of the spin precession tends to align itself in the normal direction of the ring plane and thus the associated spin solid angle becomes smaller; (ii) whereas, the instantaneous spinresolved phase difference ∆v z (τ ) at φ = π becomes more pronounced in weak electric field area, as the spin has a comparable precession period to its orbital motion and the spin-dephasing induced by the (fast) spin precession is strongly suppressed (cf. the Fig.3 (b) ). As a result, the dynamical modulation effect of spin precession gets enhanced and the charge conductance possesses substantial deviation from the values only with the AC geometry phase (cf. Fig.3 (a) ). On the other hand, in the presence of strong electric fields, the spin precession is accelerated (cf. Fig.2 ) and the instantaneous phase difference ∆v z (τ ) becomes small and even random. The interference effect of the charge conductance is dominated again by the AC phase. Such time-resolved spin precession effect also demonstrates itself in the spin transport behavior. As shown in Figs.4 (a) , depending on the spin state of the incident electron, the spin-dependent transmission changes dramatically: one gets a large spin resistance for fully spin-polarized incoming electron (i.e., nearly zero G ↑ s and G ↓ s in most areas of electric fields except |E z | < 1 c/µa), but the similar AC oscillations of the spin conductance of the spin un-polarized incident electron. Furthermore, Figs.4(a) clearly indicates that the spin-polarization of the incoming electron in the AC ring can be tuned by the normal electric field (cf. also Figs.4 (b) ). Unfortunately, the weakest RSOI realized experimentally in Ref. 20 was Q R = 0.25, corresponding to E = 0.35 c/µa in our case, which is slightly higher than the point that the deviations become noticeable in Figs. 3. We expect a weaker RSOI to emphasize the spin precession effect in experiments.
The effect of an in-plane electric field is studied by tuning the tilt angle γ of a textured electric field E = E(cos γê r + sin γê z ). It is clear that one can not change the spin polarization orientation of incident z-polarized electron by the AC ring in the presence of in-plane field E r only, being consistent with the constraint condition [σ z , H] = 0 under γ = 0. However, as shown in Fig.5 , the angle γ is capable of controlling the modulation of polarization of electron transmitted.
To complete the discussion of dynamic effects we investigate in the following an ac normal electric field E(t) = E cos(ωt + Φ)ê z . Considering that not a single electron but an electron current is injected into the ring, the effective initial phase Φ seen by each individual incident electrons at the left incoming contact changes continuously with time, which would result in a periodic modulation in the outgoing transmission with respected to the time (equivalently, the phase Φ). Therefore, we take the time integral of charge/spin conductances over a period interval 2π/ω. It is found that the integralaveraged spin polarization P z of unpolarized incoming electron current is zero. However, the numerical results reveal that the ac field is helpful to improve the spin interference effect of the fully spin-polarized incoming electrons (cf. Fig.6 ). Due to the dynamic phase difference ∆v z , the spin polarizations oscillates with the frequency of applied ac fields and tends to be stabilized in the high frequency region.
In conclusion, for the quantum spin transport through an AC ring in the presence of cylindrical electric fields, we have presented an exact time-dependent solution for the problem by using the algebra dynamic method and focus on the time-resolved spin interference effect. It is revealed that, besides the spin geometry phase, the instantaneous phase different of spin precession in different Feynman paths has big influence on the interference patterns in the case of weak and/or low-frequency electric fields. We have also demonstrated the possibility to control the spin polarization by the frequency, the strength, and the tilt angle of applied electric field. Our timedependent solutions are general and can be applied to the AC ring based spintronic devices with any type of rotationally textured electric fields. In the non-ballistic regime, especially in the presence of significant disorder, the momentum scattering reorients the direction of the spin precession axis resulting in a random effective electric field and dynamic phase difference, which would lead to an average spin dephasing.
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